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Communicated by David HillsAbstract
This paper studies the application of the discrete Fourier transform (DFT) to predict angular orientation distributions
from images of ﬁbers and cells. Angular distributions of ﬁbers in composites deﬁne their material properties. In biological
tissues, cell and ﬁber orientation distributions are important since they deﬁne their mechanical properties and function.
We developed a ﬁltering scheme for the DFT to predict angular distributions accurately. The errors involved in this
DFT technique and their sources were quantiﬁed through Monte Carlo simulation of computer-generated images. The
knowledge of these errors allows one to verify the suitability of the method for a particular application. We found that
the DFT method is most accurate for slender ﬁbers, and propose a means to minimize errors by optimizing parameters.
This method was applied to predict orientation distribution of cells and actin ﬁbers in bio-artiﬁcial tissue constructs.
 2005 Elsevier Ltd. All rights reserved.
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The ﬁber orientation distribution in a short-ﬁber reinforced composite is a fundamental determinant of the
eﬀective composite properties. In the ﬁeld of biology, cell and ﬁber orientation distributions in tissues are very
important from both physiological and mechanics perspectives: many types of cells and ﬁbers (e.g., ﬁbroblast
cells and collagen ﬁbers) have markedly diﬀerent eﬀects on tissue properties depending on direction. Orienta-
tion distributions deﬁne function, transport and mechanical properties of materials. Thus, statistical charac-
terization of orientation distributions from images is important in many diﬀerent disciplines. For large0020-7683/$ - see front matter  2005 Elsevier Ltd. All rights reserved.
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method based on the discrete Fourier transform (DFT) to determine angular orientation distributions.
Accurate measurement of the orientation distributions of a composite’s constituents is needed in situations
when a relationship between the mechanical properties these constituents and those of the overall composite
are desired. This relationship derives from the spatial and orientation distributions of their constituents (e.g.,
Torquato, 1991). Composite properties can be predicted for composites containing moderate concentrations
of short ﬁbers of known orientation distribution through the Chen–Cheng (1996) generalization of the Mori–
Tanaka (1973) approach. For denser populations of inclusions, such predictions can be made using the results
of Monte Carlo simulations (e.g., Marquez et al., 2005a,b).
Both biological tissues and conventional composites present speciﬁc applications in which incorporation of
orientation distribution into a constitutive law is of importance. A particularly compelling example is that of
carbon nanotube reinforced composites, in which both the mechanical properties (Odegard et al., 2003) and
the thermoelastic moduli (Buryachenko and Roy, 2005) depend on the orientation distributions of the carbon
nanotubes. In the study of tissues, Lanir’s (1983) constitutive relation for ﬁbrous connective tissues, which uses
the collagen ﬁber orientation distribution to predict tissue mechanics, is a mainstay of the modeling of tissues
(e.g., Sacks, 2003). Zahalak et al. (2000) demonstrated that cell orientation distributions are central to the
mechanics of bio-artiﬁcial tissue constructs. Accounting for local variations in the orientation distribution of
tissue constituents is vital to understanding the way that tissues share and transfer loads in vivo (Thomopoulos
et al., in press).
Many diﬀerent methods have been developed to measure ﬁber orientations from images, from the most
basic, which consist of measuring ﬁber angles one-by-one (Batschelet, 1981), to image analysis codes the
can recognize and measure ﬁber angle. Optical methods such as light scattering and polarized light microscopy
(Thomopoulos et al., in press) are also available. Sacks (2003) determined the ﬁber orientation distribution in
pericardium by light scattering. Image analysis algorithms include that of Karlon et al. (1999), who used con-
volution to ﬁnd local angle orientations and characterize the orientation distributions of cells and cytoskeletal
elements. This method is eﬀective but suﬀers from end eﬀects when applied to cells with rounded ends. Unﬁl-
tered Fourier transform techniques have been used by others to characterize cell orientation distributions
(Guerin and Elliott, 2005; Palmer and Bizios, 1997), but these met with only modest success. Filtered DFT
techniques have been used by Pourdeyhimi et al. (1997) enabling them to ﬁnd sources of error; however,
no signiﬁcant eﬀorts have been made before the current study to ﬁnd an optimized ﬁlter or quantify errors
as a function of image content.
The DFT of an image contains information in the form of a set of amplitudes corresponding to horizontal
and vertical frequencies, which we use in this work to deﬁne orientations of features in the image. The mag-
nitudes of amplitudes corresponding to a particular set of frequencies relate to the sizes of the features in the
image: lower frequencies deﬁne larger features and higher frequencies deﬁne smaller features. The locations of
peaks in the DFT relate to the orientation of the corresponding features. To obtain useful information about
angular orientation of certain features on the image it is necessary to select only the relevant portions of the
DFT, or ﬁlter the DFT.
This work studies the eﬀectiveness of two-dimensional (2D) DFT in characterizing cell or ﬁber orientation
distributions and the errors associated with the method and the associated sampling. We established a ﬁltering
scheme that isolates the amplitudes that deﬁne elongated features such as collagen ﬁbers or cells of a certain
width. Then, we developed a practical method to ﬁnd information about cell orientations from these ampli-
tudes. Also, we studied carefully the sources of sampling errors. By analyzing images with features following a
von Mises distribution (Batschelet, 1981), we concluded that the DFT can provide statistically meaningful
information about cell or ﬁber orientation distributions when the ﬁbers or cells have an aspect ratio
(length/width) greater than 7, and when the image parameters are adequate.
2. Methods
Orientation distributions were calculated from ﬁltered DFTs of real and computer-generated images. The
ﬁltering scheme was optimized through Monte Carlo simulations involving computed generated images that
followed prescribed von Mises distributions.
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The analysis of the images was based on a standard 2D discrete Fourier Transform (DFT), X, Eq. (1), per-
forming the usual DFT shift that centers the low frequencies:X ðu; vÞ ¼
XN
n¼1
XM
m¼1
xðm; nÞ exp 2pj ðu 1Þðm 1Þ
M
þ ðv 1Þðn 1Þ
N
  
; ð1Þwhere x(m,n) is the amplitude of the pixel at (m,n) in a M · N image, and j ¼ ﬃﬃﬃﬃﬃﬃ1p . We deﬁne the radial fre-
quency, ur, as,ur ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
u2 þ v2
p
; ð2Þand, the angular coordinate with respect to the horizontal zero frequency line, h, as,h ¼ tan1 v
u
 
. ð3ÞThus, we can deﬁne the following transformation:bX ður; hÞ ¼ X ður cosðhÞ; ur sinðhÞÞ. ð4Þ
The power of the DFT, P, is the square of the amplitudes of the DFT components,P ður; hÞ ¼ bX ður; hÞ			 			2. ð5Þ
We found the angular amplitude of the DFT, A(h), by summing the power in an annular band between radial
frequencies ur1 and ur2,AðhÞ ¼
Xur2
ur¼ur1
P ður; hÞ. ð6Þ2.2. Filtering
A ﬁlter is a set of real positive scalars that multiply the amplitudes of the DFT. We studied a ‘‘band-pass’’
ﬁlter that attenuated the amplitudes of low and high radial frequencies. The low-pass aspect of the ﬁlter, which
attenuated radial frequencies above a prescribed wavelength, preserved the ﬁber shape and orientation but
removed some sharpness and detail of the ﬁber. This reduced noise from relatively small entities such as thin
cell protrusions. The high-pass aspect of the ﬁlter, which attenuated radial frequencies below a prescribed
wavelength, removed artifacts due to orientation of larger features (e.g., orientations of ﬁber clusters), and
focused the DFT on frequencies most relevant to the ﬁber width.
Since the width of a ﬁber is deﬁned by the number of pixels across its width, ﬁber width appears to vary
with orientation. After much optimization, we found that analyzing a radial band of frequencies within
±10% of the frequency corresponding to a wavelength of twice the ﬁber width, f1, best concentrated the
DFT power that deﬁnes ﬁber orientation, and applied this ﬁlter in all studies reported here. For ﬁbers of width
t in an m · m pixel image, f1 = m/2t.
2.3. Von Mises distribution
The von Mises distribution is widely used to characterize symmetric circular distributions (e.g., Swindale,
1998). Fibers with indistinguishable origin or end can be represented by a bimodal von Mises probability den-
sity function:pdfðhÞ ¼ e
b cosð2hlÞ
2pI0ðbÞ ; ð7Þ
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ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 I1ðbÞ
I0ðbÞ
s
; ð8Þwhere In is the modiﬁed Bessel function of the ﬁrst kind of order n, l is the mean angle of the orientation dis-
tribution, and b can be determined from the standard deviation, r, in several ways. Note that the maximum
value of r is 0.5 rad (28.65), which corresponds to a uniform distribution.
To ﬁt this function to data we calculated the vector average of the responses (Batschelet, 1981), deﬁned bya ¼
XM
i¼1
Ai cosðhiÞ; b ¼
XM
i¼1
Ai sinðhiÞ; ð9Þwhere, Ai is either the angular amplitude corresponding to the angle hi or the number of occurrences of ﬁbers
oriented at angle hi for the case of the real cell distributions. Then, the preferred orientation, lmeas, was cal-
culated as,lmeas ¼ tan1
b
a
 
. ð10ÞThe standard deviation, rmeas, was found numerically by minimizing,min
r
XM
i¼1
Ai  pdfðhiÞjl¼lmeas
 2 !
! rmeas. ð11Þ2.4. Image construction and Monte Carlo simulations
We constructed a series of images containing a known number of ﬁbers of prescribed shape following von
Mises distributions with prescribed standard deviations. Then, we found the DFT of each image and ﬁltered it.
Since the location of each ﬁber was random, the ﬁltered DFTs produced by images having the same param-
eters were diﬀerent. Therefore, we performed Monte Carlo simulations to measure mean and standard devi-
ation values for the von Mises parameters. Finally, we compared the values of the real parameters of the image
with the parameters obtained by the DFT.
Square images containing distributions of identical-sized ﬁbers of rectangular and elliptical shapes were
generated. These represented the cross-sections of cylindrical and ellipsoidal ﬁbers, respectively, as they would
be viewed in a microscope image. Each ﬁber was randomly located and randomly oriented inside a square cell
that divided the image into n · n equal parts (Fig. 1b). When the ﬁber length exceeded the cell size, ﬁbers from
cells beyond the image were allowed to peek into the image. The size of the images studied was m · m pixels.
The aspect ratio of the ﬁbers, r, was deﬁned as the ratio of the ﬁber length, l, to ﬁber width, t. The dimension-
less ﬁber concentration, C, was deﬁned as: C = (l/b)2, were b2 is the area of a square cell containing one ﬁber.
We considered a random ﬁber orientation following a von Mises distribution, and a random distribution of
ﬁber centers following a uniform distribution. To obtain statistically signiﬁcant results we needed to perform
Monte Carlo simulations of the computer-generated images on as many as eight images with the same
parameters.
2.5. Tissue constructs
To illustrate the application of the method we analyzed micrographs of a bio-artiﬁcial tissue construct, syn-
thesized following procedures described elsewhere (Wakatsuki et al., 2000). Brieﬂy, the tissue construct con-
tained chicken embryo ﬁbroblasts embedded in a reconstituted rat tail (predominantly type I) collagen matrix.
Cells were allowed to remodel the matrix over a three day incubation period, in the presence of Dulbecco’s
modiﬁed Eagle’s medium. We choose these particular tissue constructs because they exhibit a nearly planar
distribution of cells, and the cell spacing can be controlled by culture parameters.
Fig. 1. (a) Computer-generated image containing 4 · 4 ﬁbers centered within each cell (C = 0.9, m = 512, n = 4, r = 10, r = 28.65). (b)
Image containing an identical angular orientation distribution of 4 · 4 ﬁbers, randomly distributed within each cell. (c) Inverse DFT of
image (a) after applying a ﬁlter on radial frequencies around f1. (d) Smoothed angular distribution given by: real angles (solid line), DFT
method for image (a) (dotted line), DFT method for image (b) (dash-dot line).
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We analyzed images containing diﬀerent number of ﬁbers of diﬀerent widths. When all the ﬁbers present in
the image had the same width, there was a peak in the power spectrum at a radial frequency of wavelength
corresponding to two times the ﬁber width. After evaluating diﬀerent radial band-pass ﬁlters on the DFT
of these images, we concluded that the power contained around this frequency is an excellent descriptor of
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wavelength of the peaks in the spectrum describe the size of the dominant dimensions in the image.
After ﬁltering an image like that shown in Fig. 1a, then inverting the DFT, the information remaining in the
ﬁltered image (Fig. 1c) described a series of parallel lines of decreasing amplitude around each ﬁber. Since this
ﬁlter neglected high frequencies relatively small features of the ﬁbers were greatly attenuated.
The angular distribution of ﬁbers of a given width was predicted by the power distribution near the fre-
quency f1. This prediction was very accurate for ﬁbers with aspect ratio 10 or greater. However, when the
aspect ratio was relatively small, we found that the frequencies that deﬁne the width were very close to those
that deﬁned the ﬁber length. Since the location of the power that deﬁnes the length is 90 away from the power
that deﬁnes the width, this eﬀect introduced non-negligible errors in the angular distribution for aspect ratios
smaller than 7.
After analyzing the spectra given by rectangular and elliptical ﬁbers we found that, since rectangular ﬁbers
produced sharper spectra, errors associated with spreading of the angular distribution are comparatively lar-
ger with elliptical ﬁbers. Consequently, we analyzed in detail elliptical ﬁbers as a worst-case scenario. From
these simulations, we concluded that on average the measured standard deviation rmeas is over-predicted
for small values of r and slightly under-predicted large values of r.
3.1. Errors
We report here results for computer-generated images over the following range of parameters: 0.25 < C < 8,
128 < m < 512, 1 < n < 31, 5 < r < 20, 0 < r < 28.65. In Fig. 2, the eﬀect of number of ﬁbers and truncated
ﬁbers combined is separated from the two other sources of error, as explained below.
3.1.1. Sources of errors
We isolated four diﬀerent sources of errors that aﬀect rmeas: (1) the sample size or the discrete number of
ﬁbers present in the sample; (2) ﬁbers truncated by the edges of the image; (3) the resolution of the image; and
(4) the DFT itself.
The discrete number of ﬁbers in the image studied cannot always accurately represent the entire distribution
of ﬁbers. This error decreased as the number of ﬁbers in the sample increased (Fig. 3c).
Low resolution due to either poor focus or too few pixels along the ﬁber width increased rmeas. This eﬀect
stems from the smeared spectrum created by fuzziness of the ﬁber boundaries and can be reduced only by
either sharpening the image, or taking a new image and decreasing the number of ﬁbers by zooming in Fig. 3a.
The eﬀect of having some ﬁbers not completely inside the image is equivalent to having shorter ﬁbers, which
generates a relatively smaller power corresponding to the ﬁber angle. A qualitative example of these eﬀects
can be seen by comparing predictions for the angular orientation distribution from Fig. 1a and b, which haveFig. 2. Errors in the standard deviation, rmeas, for m = 512, C = 1, and r = 10. Solid lines represent Eqs. (12) and (13) and their sum.
Fig. 3. (a) Resolution error in rmeas from simulations (circles) and Eq. (13) (dotted line). (b)–(f) show normalized errors, circles represent
the mean error, error bars represent standard deviation, and dotted lines represent the corresponding curve-ﬁttings. The errors were
normalized with respect to the mean error found as one of the variables was varied while the rest were kept constant. (b) and (c) show
errors in rmeas due to truncated ﬁbers as C and n vary, respectively. (d)–(f) show normalized errors in lmeas as n, rmeas and C vary,
respectively. Note that since total errors in l and r were the product of functions of depending on C, n and r, to describe the variation of
errors with these parameters, we normalized them so that mean error in the range of parameters used in the simulations was one.
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truncation in Fig. 1b. The prediction for the case in Fig. 1a with no truncated ﬁbers (dotted line in Fig. 1d) was
very close to the actual distribution (solid line in Fig. 1d). The distribution predicted for Fig. 1b (dash-dot line
in Fig. 1d) showed a reduction in the amplitudes corresponding to the truncated ﬁbers.
The DFT itself predicted higher deviations because the spectrum produced by ﬁbers was not very sharp.
This eﬀect was more noticeable for relatively stubby ﬁbers, meaning that the method is not suitable for
non-slender ﬁbers.
3.1.2. Minimizing error
In Fig. 2, we can observe that the total error in rmeas reaches a minimum for a particular set of image
parameters. For such a set of parameters, the optimal number of cells in an image can be found graphically.
A characteristic subset of the data from the error analysis shows that errors in rmeas varied with the number of
cells, n, for the case of m = 512, C = 1, and r = 10 (top line in Fig. 2). The sum of these error shows a min-
imum for at about n = 9 cells for these conditions, equivalent to 81 ﬁbers with centers inside the image.
To minimize the total error for a range of parameters, we employ an empirical approach rather than the
analogous graphical approach. The diﬀerent sources of errors calculated from Monte-Carlo simulations were
isolated and ﬁtted to simple functions. Then, we used the ﬁtted functions to ﬁnd the set of parameters that
minimize the total error.
The errors generated by the discrete number of ﬁbers and the presence of truncated ﬁbers, Ec, can be char-
acterized by the standard deviation of the diﬀerence between the predicted values rmeas and the actual values r
for computer-generated images. Ec increased with increasing cell concentration, C, and decreased with
decreasing number of cells, n, in the image (Fig. 2). For the conditions in this particular study, we arrived at,Ec ¼ 9:0n1:2C0:34; ð12Þ
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each function was R2 > 0.98 with a standard deviation for the multiplier of 28%.
On the other hand, the error from the ﬁber resolution and the DFT itself, Er, increased with the number of
cells in an image and is related to the average diﬀerence rmeas  r. These errors scaled as (Fig. 3a)Fig. 4.
standaEr ¼ 1:22 þ 63

t3:37
; ð13Þwhere t is the ﬁber width in pixels, which can be calculated ast ¼ m
ﬃﬃﬃﬃ
C
p
nr
; ð14Þalthough, experimentally it is easier to measure this directly. The error that accounts for the ﬁber resolution is
characterized by the second term in Eq. (13). The error from the DFT itself is represented by the ﬁrst term in
Eq. (13) which was 1.22 on average. This error is actually a shift in the predicted value, which can be cor-
rected by subtracting the values in Fig. 4 from rmeas. Since the shift in rmeas is expressed in terms of r, the
corrected value rcorrmeas can be calculated using the linear ﬁt in Fig. 4:rcorrmeas ¼
rmeas  2:6
0:9
. ð15ÞThe error bars in Fig. 4 show that the standard deviation of rmeas for r = 15 is about twice the value for
r = 0 and r = 28.65. The total error in r, Ert , is then the sum of the two ﬁttings, with the DFT error
subtracted:Ert ¼ 9:0n1:2C0:34 þ
63
t3:4
. ð16ÞThere is no shift in the predicted mean ﬁber orientation, lmeas. The standard deviation in lmeas for n = 12
and C = 8 (Fig. 5) grew linearly with increasing r, since for wider ﬁber distributions it is more diﬃcult to ﬁnd l
accurately. The error scaled linearly with C and r and inversely with n (Fig. 3d–f; R2 > 0.98, standard devi-
ation for the multiplier of 24%):Elt ¼ 2:1 1þ
C
6:9
 
1þ r
3:4
 
n0:98. ð17ÞAn empirical expression can be derived for the value of n that minimizes the total error in the predicted
standard deviation, nm, under conditions within the range examined by minimizing Eq. (16):nm ¼ 0:51C0:44 mr
 0:75
. ð18ÞAverage shift in the measured standard deviation rmeas as a function of the standard deviation r. The error bars represent the
rd deviation of rmeas.
Fig. 5. Error in the measured mean angle lmeas in terms of the actual standard deviation r.
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To apply this method to real images we need to establish the image parameters C, l, m, n and r. The res-
olution m is usually ﬁxed and depends on the camera used. l and r can be easily measured directly from the
image. To ﬁnd n we can use just a fraction of the image, ﬁnding the ﬁbers with centers inside this fraction and
then scaling to the entire image. To establish C from the image, we then use the following formula:Fig. 6.
wide mC ¼ nl
m
 2
. ð19Þwhere, l is the ﬁber length in pixels; note that C is constant for a speciﬁc tissue. If the error is too high, we can
use Eq. (18) to estimate the n that minimizes the total error. When applied to micrographs of tissue constructs
containing long slender cells, the technique in this paper predicted angular orientation distributions that were
qualitatively in agreement with expectations.Actin ﬁbers of a ﬁbroblast populated matrix and its angular distribution. (a) 200 · 200 lm image of the actin ﬁbers inside 10 lm-
yoﬁbroblasts. (b) The dots represent the measured power from DFT spectrum, and the solid line is a von Mises ﬁtting.
Fig. 7. Myoﬁbroblasts in a tissue construct and their angular distribution. (a) 1000 · 1000 lm image of membranes of 32 lm-wide
myoﬁbroblasts. (b) The dots represent the measured power from DFT spectrum, and the solid line is a von Mises ﬁtting.
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with rhodamine (Fig. 6a). The parameters for the image are: m = 512 pixels, t = 3 pixels, n = 23, l = 120 pix-
els, C = 30 and r = 40. The predicted angular orientation distribution of this tissue and its corresponding von
Mises ﬁtting (Fig. 6b) show values for r and l of 15.0 and 22.3, respectively. In this case, the estimate for
the optimum number of elliptical cells is nm = 15; therefore, we could increase the magniﬁcation and expect to
obtain smaller error. The errors estimated by applying the empirical formula for ellipses are: Ert ¼ 2:2 and
Elt ¼ 2:9.
The second case is an image in which cell membrane is stained with cell tracker C2927 (Invitrogen, Carls-
bad, CA) (Fig. 7a). The parameters of the image are: m = 512 pixels, t = 8 pixels, n = 17, l = 78 pixels, C = 6.9
and r = 10. The predicted angular orientation distribution (Fig. 7b) show values for r and l of 27.9 and
0.1, respectively. r is very close to the value of 28.65 that corresponds to an isotropic distribution, while
l, which is undeﬁned for isotropic distributions, is impossible to check. In this case nm = 23; therefore we
would need to decrease the magniﬁcation in order to obtain smaller error. However, the error estimates
Ert ¼ 0:63 and Elt ¼ 2:5 are small enough that this might not be necessary.
4. Discussion
This work presents a procedure to ﬁnd orientation distributions from the DFT of an image containing cells
or ﬁbers, and provides empirical estimates of errors involved in the prediction the mean and standard devia-
tion in terms of tissue and image parameters based on study of a model system. These error estimates are valid
for roughly ellipsoidal cells characterized by bimodal von Mises distributions. However, the DFT method can
be used to ﬁnd ﬁber distributions that follow other orientation distributions, and similar analysis can be done
to estimate the associated errors. For example, if more than one preferred direction of ﬁbers was observed in
the DFT of an image (e.g., Fig. 6), a multimodal version of von Mises distribution would need to be ﬁt to the
data instead.
The method presented in this work is more eﬀective than earlier attempts to use DFT for determining angu-
lar orientation distributions because of the ﬁltering scheme used. This ﬁltering scheme revolves around the
primary frequency of the features f1 = m/(2t). Studies of elliptical ﬁbers provide ﬁrst order estimates for error
(Eq. (16)) based on the number of cells, n, the ﬁber length, l, and the dimensionless ﬁber concentration, C.
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to the ﬁber width can introduce errors in the measurements. If the contour of the cell is not well-approximated
by a rectangular or an elliptical shape, or has aspect ratio lower than r = 7, the error in rmeas also increases.
Another important feature of this analysis is that errors are given as standard deviations; therefore, obtaining
r and l with low conﬁdence intervals requires averaging values obtained from several images. To decrease
errors, the brightness of the ﬁbers should be uniform; one way to achieve this is to apply a threshold ﬁlter
on the image.
Understanding these limitations can help with a decision as to whether this method is suitable for a partic-
ular application. Knowledge of the source of errors can help to reduce them through modiﬁcation of image
parameters.
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